Atoms In Compactified Universes

Master’s Thesis

Martin Bures

supervisor: Prof. Rikard von Unge, PhD.

Masaryk University Brno

Brno, May 2007






Abstract

It is the purpose of this thesis to investigate the stability and energy spectra of
the non-relativistic hydrogen atom in four-dimensional spaces. The additional spatial
dimension is considered to be either infinite or curled-up in a circle of radius R.

After a short historical introduction, we study the case of spaces with an infinite
extra dimension. We solve the Schrodinger equation of the hydrogen atom and analyze
the results. Considerable attention is devoted to discussion of the three qualitatively
distinct solutions that appear. We argue that there is no stable hydrogen atom in this
case.

The second part of this work deals with four-dimensional spaces, where one of the
space-like dimensions is compactified, i.e. it has the topology of a circle at a very small
radius. We solve the Schrodinger equation and explore the main task, namely, how an
additional curled-up dimension affects the spectrum of hydrogen atoms. Finally, we argue

that if the potential is sufficiently strong, the hydrogen atom is no longer stable.
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1 Introduction

Is it not there first proved that there are mo more than three dimensions,

since Three is everything, and everywhere?

Galileo Galilei (referring to Aristotle’s ’On The Heavens’),
Dialogue Concerning the Two Chief World Systems (1632) [8, 17]

The idea of extra spatial dimensions has a long and rich history. Its origin lies in the
search for a unified description of the forces observed in nature. An early attempt traces
back to the Finnish theoretical physicist Gunnar Nordstrom (1914), who proposed, in
the context of his theory of gravity, a five-dimensional theory to simultaneously describe
electromagnetic and gravitational forces [26]. This theory was the first known example of
a metric theory of gravitation. However, as it turned out, it was not in agreement with
observation and experiment.

After the invention of general relativity, a German mathematician and physicist
Theodor Kaluza noticed that gravitational and electromagnetic interactions can be simul-
taneously described by a five-dimensional generalization of Einstein’s theory [21]. Giving
this idea a precise formulation in 1926, a Swedish theoretical physicist Oskar Klein fur-
ther proposed that the extra dimensions can be curled-up in a circle of a very small
radius [22]. Thus, he resolved the apparent contradiction to the fact that we observe only
three space-like dimensions and one time-like. But also the Kaluza-Klein theory, lacking
of experimental implications and suffering from a number of faults, did not unify the two
fundamental forces of gravitation and electromagnetism, failed in its purpose and was
essentially abandoned for a couple of decades.

During the mid-seventies, the emergence of string theory made the old idea of extra
spatial dimensions come alive, since the existence of additional dimensions is one of its
requirements. Because string theory is the most promising candidate for a consistent
theory of quantum gravity, the study of higher-dimensional problems is of big importance.

One of the basic and most interesting questions concerning problems in higher-
dimensional spaces is the stability of atoms. The first investigation is due to Ehren-
fest [12]. In his paper from 1919, he studies among other things the stability of planetary
orbits and the Bohr model of hydrogen atom in higher-dimensional spaces. Thereafter,

many interesting investigations followed [11, 15, 10, 27, 19, 23, 31].



2 1 INTRODUCTION

Overview of the thesis

In the present work, we will study the stability and energy spectra of the non-
relativistic hydrogen atom in four-dimensional spaces. The first part of the thesis is
devoted to the hydrogen atom in spaces with an infinite additional space-like dimension.
Although there are some papers (especially [19]) dealing with the topic of stability of
hydrogen atom in the general case of n-dimensional spaces, we will give a more detailed
discussion of the four-dimensional case that we are interested in. We will solve the defining
Schrédinger equation and discuss the results.

As it is found in this work that the hydrogen atom is not stable in infinite four-
dimensions, it is important to mention (see note at end of section 2) that there are articles
stating the existence of a stable hydrogen atom in higher dimensions (e.g. [10], [25], [6]).
The physically important point is that the potential is considered to be proportional
to 1/r, irrespective of the the number of spatial dimensions. This is, however, not the
potential that would correspond to the solution of Maxwell’s equations in n-dimensional
space. Hence, the immediate consequence of such an approach is the modification of
Maxwell’s equations in higher dimensions.

The second part of this thesis deals with four-dimensional spaces, where one of the
space-like dimensions is compactified, i.e. it has the topology of a circle at a very small
radius. We will start by explaining a simple method used for treatment of spaces with
such topology. Then, we will solve the Schrédinger equation and explore the main task,
namely, how an additional curled-up dimension affects the spectrum of hydrogen atoms.
For this purpose, we use time-independent perturbation theory and calculate corrections
to energy eigenvalues.

Finally, we will argue that if the potential is sufficiently strong, the hydrogen atom is
no longer stable. To show this, we will employ a trial function and see that the continuous
energy spectrum extends from zero to minus infinity.

The next section is devoted to discussion of the results. Lastly, some possibilities for
further development are presented. The thesis also contains several appendices covering

some support material of mainly mathematical character.



2 Infinite Extra Dimension

In this section, we take up the case of four-dimensional spaces, where the extra space-like
dimension is considered to be extended. We will solve the Schrodinger equation for the
hydrogen atom and discuss the results. It will be shown that we must distinguish three
cases, differing in the nature of solutions.

It turns out that in the so-called repulsive and weak case there are no bound states,
since there are no physically acceptable solutions to the Schrodinger equation if the en-
ergy is taken as negative. In the strong case on the other hand the energy spectrum is
continuous and extends from zero to minus infinity. Thus, in the presence of an infinite
extra dimension, the hydrogen atom is not stable.

Next, we present an alternative treatment of how to decide the question of stability of
the studied system. Namely, we use a trial function to show that the continuous spectrum
is unbounded from below. Lastly, we make some comments regarding articles, in which

the hydrogen atom in N-dimensional space is defined by the potential proportional to 1/7.

2.1 Solution of a four-dimensional hydrogen atom

Let us start with the Schrodinger equation for a closed system of two non-relativistic

point masses interacting via a central force:
1
<—;v2 + V(r)) Y(r) = By(r). (2.1)

where k = 2m/h%. 1 Since the potential is centrally symmetric, hyperspherical coordinates

are best adapted to the problem (figure 1):

x = rsinnsinf cos ¢,
y = rsinnsinf sin ¢,
z =rsinncosd,

w = 1Cos .

Thus, we are to find the expression for the Laplacian operator in hyperspherical coordi-

nates. The result is (appendix A):

02 30 LX3)

2_— —_—— —
Vv o2 ror r2

) (2.3)

"We shall use this notation throughout the rest of the work.
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(%,y,2)

Figure 1: Hyperspherical coordinates in four-dimensional space.

where

v e L [0 (@) 0 (g0, L 0
£ = sin2n[8n o 77877 +Sin980 Sme@@ +sin298¢2 24)

is the square of the angular momentum operator on a 3-sphere (see appendix A).
The general solution of Poisson’s equation yields its potential as a function of the
radial distance r to the source. The potential energy in four-dimensions is thus given

by (appendix B):

e?

_ﬁ’

Vr) = (2.5)

where €2 is the four-dimensional charge (with the unit energy x lengch). Hence, our

Hamiltonian has the form

1[0 30 L%3) e?
H‘E(W ror )‘72’ (26)
and we can rewrite the Schrodinger equation (2.1) as:
9> 30 L*3) e?
[W‘F;g— 7’2 +/€<E+ﬁ>:| ¢(T‘) =0. (27)

As in the case of the three-dimensional hydrogen atom (and generally for any spherically
symmetric potential), the Schrodinger equation can be separated into two following parts
- the first one is an ordinary differential equation for the radial function, the other is a

partial differential equation for the angular function. Thus, we make the Ansatz ¢ (r) =
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Figure 2: Modified Bessel functions of the first and second kind Iy, I and Ky, K;
respectively.

R(r)Y®) (1,60, ¢). After the separation of the angular variables in (2.7), we obtain for the

radial function R(r) the equation

2 3d 1(i+2) ¢2
FTE R P +H<E+ﬁ>]3<”—0’ 28)

where we have applied the fact that the eigenvalues of £2(3) are given by [28]:
23, (0,0,.0) =10+ 20, (0.0,6),  1=0,1,2,.... (2.9)

The functions Yl(g) are the hyperspherical harmonics on a 3-sphere. For E < 0, e.g. for

bound states, we use the abbreviations
o =—kE, V=1(1+2)+1-)2 with X\ = ke’ (2.10)

Setting R(r) = x(r)/r, we replace equation (2.8) by an equivalent radial equation

d?x(r) | dx(r)
2
" T dr

— (®r* +v%)x(r) = 0. (2.11)

Equation (2.11) is the modified Bessel equation. The solutions are the modified (or
sometimes called hyperbolic) Bessel functions of the first and second kind I, (ar) and

K, (ar), respectively. The functions Iy, I, Ky and K; are shown in figure 2.
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Our boundary condition at infinity eliminates the solutions I, since I, /r diverge

exponentially for large values of r ([1], p. 377):

I, (ar) e ‘ (2.12)
r T 2mar

It remains for us to discuss the second independent solution to equation (2.11), the mod-

ified Bessel functions of the second kind K,. Three cases must be considered according
to whether the parameter v belongs to the interval (1,00), (0,1) or (—oc0,0). We shall
call these cases repulsive, weak and strong, respectively. This nomenclature naturally

corresponds to the character of the effective potential energy (from (2.8))

Li(l+2) ¢ 1v°-1

Veff:E T =3 (2.13)
2.1.1 Repulsive case
First, let us consider 2 taking values from the interval

vP>1 ie ke —1(1+2)<0. (2.14)

In this case the Bessel functions of the second kind K, are too divergent at the origin
and the corresponding radial functions K, (ar) /r are not square integrable. Indeed, the

lowest-order terms in the series expansion of K, (ar) are given by ([7], p. 711):
Ky(ar)= 2"Yv—1Dlar)™ +..., v>0, (2.15)

with K, = K_,. Thus, expanding the integrand of the normalization integral in a series,

the lowest-order term is proportional to
r3(r? r)? = r17, (2.16)

In order for the integral to converge, the power of  must be greater than —1. But this
condition is not met (recall v? > 1) and the wave function constructed with this solution
cannot be accepted.

Let us recall that we search only for bound states. Considering, however, also un-

bounded states, the functions I, might correspond to some solution.
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2.1.2 Weak case

Next, we restrict v2 to the interval
0<v?<1l ie. 0<we?—1(1+2)<1. (2.17)

With the exception of Ky, the lowest-order terms in the series expansion of K, (ar) are

again given by (2.15). For v? = 0 the expansion is as follows ([7], p. 711):
Ko(ar) = —In(ar)—y+mn2+.... (2.18)

with v being a constant. > Looking at (2.16) we find out that the problem with con-
vergence at the origin vanished, since the power of r in the normalization integral takes

values from the interval (—1,3). For large r, the asymptotic expansion of K, (ar) is given

by ([7], p. 717):
K, (ar) ~ 4/ %ﬂe‘m (2.19)

and the wave function constructed with K, is square integrable. Thus, it seems that it
could be accepted as eigenfuction.
However, this is not the case. The reason is as follows: Because the Hamiltonian is a

Hermitian operator, the equality

(o1 (r) [ H 2 (r)) = (¢ (r) | H|er (r))" (2.20)

must hold for any states ¢1(r) and 12(r). Using integration by parts (the explicit form

of Hamiltonian is given by (2.6)) we obtain:

<wl<r>1mw2<r>>—<w2<r>\mwl<r>>*=[(—wr%ﬂfwz)ﬂ] SENCEN
0

Thus, if H is Hermitian, the right-hand side of (2.21) must vanish. The boundary condi-
tion at infinity is satisfied (see (2.19)), but that at the origin is not. For, taking the wave

functions constructed with K, :

P1(r) %K,, (1), a(r) %K,, (aar), (2.22)

It is the Euler-Mascheroni constant defined by v = lim, oo (Z:mﬂ m~' —In n) = 0.57721566 . . .,
[7], p. 312.
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and using the series expansion of K, (equation (2.15)), we find the terms in the square

—2v_ Accordingly, the condition ensuring that the boundary

bracket to be proportional to r
terms at zero vanish is v < 0. But this is outside the interval (2.17). Similarly, for v = 0
we take the expansion (2.18) and find the terms to be proportional to In (ar) (1 —1In (ar)).
Consequently, the Hamiltonian is not Hermitian and we must again reject this solution

as unacceptable.

2.1.3 Strong case

Finally, let us choose v? taking values from the interval
<0 (orveiR—{0}) ie re?—1(1+2)>1. (2.23)

Now we will show that the wave functions constructed with Kj),| form an orthonormal
set. We must, however, choose a suitable discrete subset of energy eigenvalues.
Consider two solutions x1(r), x2(r) of equation (2.11), corresponding to two values

of energy E, E3, represented by (see (2.10)):

ar =/ —kFE, as=+/—KE>, FEq, E5 <O. (2.24)

Let us take equation (2.11), corresponding to the solution yi, and multiply it by x2/7.
Subtracting the same equation, corresponding to y2 and multiplied by xs/r, we obtain,

by integrating this expression:

* d*x1 d*x2 dx1 dxe
/0 <rx2 2 X1 a2 + X5+ X1 — 7‘04%)(2)(1 + ra%xl)Q) dr

dr dr
o 0 d Xm d ng 2 2 /OO
—/0 [der (r I ) X1 T <r I ﬂ dr — (a] — a3) ; rx1x2dr
= 7‘X2% - TXI% N — (o — a3) /OO rxix2dr =0. (2.25)
dr dr |, 0

Using the fact that

xa(r)

o) o M = i (), () o 2 = M ), (226)

T

and noting that there are no boundary terms at infinity (see (2.19)), the last line of (2.25)
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gives us the scalar product:

/ " ryixedr = / " B (P (r)dr = {8y (P e (1)) =
0

0
d K, (1)
dr

1 dK;), (azr)]™
—— li K; —rK; L D . (2.27
o —al 1% [7” i (azr) rkiw () —g,—] - (227

The lowest-order term in the series expansion of Kj|,| is, according to [13]:

K (ar) ~ —# Lﬂ,ﬂ sin <]1/] In (%) —arg [F(z\u\ + 1)}) (2.28)

sinh |v

Inserting this into (2.27) produces

T sin <|1/|ln g—;)

2 2

= 2.29
|v|2sinh (Jv|T)  of — a3 (229)

(11 (r)[1a(r))

Fixing some certain value |Ey| and forming the following discrete subset of energy eigen-

values
E = —|Eyle*™ /¥ EyeR, nek, (2.30)
we have from (2.24):
o = k| Eole™ /W o = \/k|Eole™2/I ny,ng € Z, (2.31)

Inserting a1 and ag into (2.27) yields an orthogonality relation:
T

(W |h2) = 2k|v|| Eog| sinh (Jv|m)

0 for ny # no

for n; = n9
: (2.32)

where we have used the I’'Hopital’s rule for ny = ny. The eigenstates are thus given by

Yu(r) = N(v) : (2.33)

where a = \/k|Egle™/ Il and with

N() (2.34)

~ 2[V||Eo| sinh ([v|r)

being a normalization factor.
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Note that we can obtain the above orthogonality relation easily using ([18], p. 686):

(ara) " (af” — a3")

2sin (vr)(a? — a2)

[Re v| <1, Re (aq +ag2) >0, (2.35)

/ rK, (cqr) K, (agr)dr = T
0

Clearly, if 0 < 2 < 1 (the weak case), then (2.35) does not lead to any orthogonal
relation.

Again, we can check for Hermiticity of H. By inserting (2.28) into the the right-hand
side of equation (2.21), together with (2.26), we obtain

d¢2 d?ﬁf 3 T . (05}
—pf—= 4 —= P’ ——————sin | |v|ln — 2.36
< Vi dr dr v2 |v|? sinh (|v|7) i a3 (2:36)

and the boundary terms in zero vanish by inserting (2.31).
However, the energy eigenvalues, corresponding to the wave functions constructed
with K, can be arbitrarily large. Therefore, the continuous spectrum (recall |Ey| € R4)

is unbounded from below and the atom is not stable.

It is also worth noting that the absence of a lower bound in the energy spectrum can
also be deduced from the following property of the K, functions. Because the argument of
the sine in equation (2.28) grows without limit as r approaches the origin, this oscillating
function has an infinite number of zeros. Since the wave function of the ground state can
have no zeros, the ground state corresponds to the energy F = —o0, i.e. the spectrum is

unbounded from below and the particle falls on the nucleus (cf. [24], p. 116).

2.2 Trial function

In the following we will argue that the energy of our system can take arbitrarily large

negative values if v2 < 0. More precisely, we will show that

lim (F) = —oo, (2.37)

a—00

where

<7;Z)trial |ﬁ|wtrial>
<7;Z)trial |¢tm’al>

(B) = (2.38)
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is the mean value of energy for a system described by the wave function
Uirial(r) = rHe™". (2.39)

Note that by inserting our trial function (2.39) into equation (2.21) we can easily verify

that the Hamiltonian is Hermitian. Normalization gives us

o _ I'u+4
(Vtriat|Virial) = /0 ririte 20T dr = Wa (2.40)
where we have used the integral
o r 1
/ z’e” dx = %, a>0, v>-1 (2.41)
0
By inserting the Hamiltonian (2.6) into the numerator of (2.38), we obtain:
<7;Z)trial|H|7;Z)trial> = __<¢tm'al|v |¢tm’al> —€ <71Z)trial|_2 |71Z)t7’ial>- (242)
K r
Thus, it remains for us to evaluate
1 X 3 -2 o4 -2 L(2p+2)
<wtrial|ﬁ|7ptrial> = /0 ror frte™ Y dr = W (243)
and
& 2 2 3
<¢tm’al|v2|¢trml> = / 7‘37'2”6_20” <M('u7;_ ) — ,U:‘ + CJZ2> dr
0
(2 + 2) I'(2p+3) o L(2n+4)
= M(M + 2)W — a(2u + 3) (20[)2'/"’_3 + (20[)2'/"’_4 . (244)

The most restrictive condition imposed on g is given by equations (2.43) and (2.44).

Namely, we must have
p>—1 (2.45)
in order to get convergent integrals. Inserting (2.40), (2.43) and (2.44) into (2.38) pro-

duces:

a? i+ 3 — 2ke? 2 p+14 202

B = T D " i D)

(2.46)
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Now, for any v? < 0 we can always choose p so that the numerator of (2.46) is negative.
Consequently, the energy can take arbitrarily large negative values as o« — oco. For this

to hold, the condition imposed on p is:
< —1—20% (2.47)

On the other hand, if #? > 0, this cannot be achieved for any permissible value of s.

2.3 Note

If one assumes the potential to be ~ 1/r, independent of the spatial dimension N, then it
is possible to have stable atoms in higher infinite dimensions (see e.g. [10, 25, 6, 2, 33]).
However, this is not the potential which would correspond to the solution of Maxwell’s
equations in N-dimensional space (and therefore this approach does not lead to a Gaussian
law for charges - appendix B). As a consequence, Maxwell’s equations have to be modified
in higher dimensions.

The solution of the corresponding Schrodinger equation involves a procedure which
is similar to that for the standard three-dimensional hydrogen atom. The radial part of

the wave function is [25]:
Ryu(p) = N(n, e =o' LN (p), (2.48)

where

P ol (N —3)/2]"

with ro = h?/2me? (2.49)

The functions LS{I) (t) are the generalized Laguerre polynomials, defined as

L@ =3" (n + a) o (—ﬁ%ﬁ (), 2.50)

=0\ J

with a being a non-negative integer. The allowed values of the quantum numbers n, [

are:

n o= 1,2,3,..., (2.51)
I = 0,1,...,n—1. (2.52)
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The energy eigenvalues E,, are given by

&o
[n+ (N —3)/2]2’

E,=— (2.53)
with the ground state energy & = me?*/2h2.
For papers dealing with some other quantum-mechanical models in higher dimen-

sional spaces see, for example, [3, 4, 5| and references therein.
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3 Compactified Extra Dimension

Now that we know how the hydrogen atom behaves in infinite spaces, we can investigate
what happens if one of the dimensions is compactified, i.e. it has the topology of a circle
at a very small radius (figure 3). For this purpose, we use what is known as the method
of images, which will be explained in the following paragraph. In section 3.2 we will argue
that if the potential is weak, a lower bound is present in the energy spectrum. For small
compactification radii, we can treat the compactified dimension as a perturbation. We will
solve the Schrodinger equation and give energy eigenvalues in second order perturbation

theory.

/

Figure 3: An additional curled-up dimension is represented by a circle located at each
point of the three-dimensional space.

Finally, we will use a trial-function to show that if the attractive potential is suffi-
ciently strong, then the energy spectrum is continuous and extends from zero to minus

infinity. Thus, as in the strong infinite case, the hydrogen atom is not stable.

3.1 Method of images

Method of images is the best way to tackle the calculations in problems concerning extra
compactified dimensions. What one in principle does, is to unroll the curled-up dimension
to get an infinite space repeating itself with a period of 2w R, where R is the compacti-

fication radius. To calculate the force that one particle 'feels’ from some other particle,



3.2 Lower bound in the energy spectrum 15

image

image

2rR

image

image

¢
1st particle ; 2nd particle

Figure 4: To calculate the force between two particles, the method of images makes it
easier. The basic idea is to unroll the curled-up dimension to get an infinite space that
repeats itself with a period of 2rR. (Redrawn according to [29].)

we just have to sum up the expressions for the force it 'feels’ from all the ’images’ of the

other particle (figure 4).

3.2 Lower bound in the energy spectrum

In this paragraph we shall argue that there is a lower bound present in the energy spec-
trum, i.e. there can be no states with energy lower than a certain value Ep. We will base
our proof on the result of paragraph 2.1.2. There, we have found that if the parameter /2,
corresponding to the strength of the potential, takes values from the interval 0 < v? < 1
(the weak case), then the system has no negative energy levels.

First, suppose that we are given two systems described by the Hamiltonians H, =
T + Vi, Hy = T+ V3. Let the mean values of energy in some state [¢0) be (p|H;|¢p) = By

and (1p|Hy|p) = By, respectively. If Vi > Va, then

Ey— By = (Y|Hi[y) — (|Hal0)) = (Vi) — (¢|Valy)) > 0, (3.1)
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(VALY — (@IVald) = (Vi — Valth) = / W (Vi — Vo) = / RV - Va) > 0. (32)

Thus, we have F; > FEs and we can apply this result to show that there exists a lower
bound in the energy spectrum.

Let us consider an artificial system, which is periodic in the w-direction. For any value
of n € Z, the potential Vj,; of this system is for w from the interval |w — 27 Rn| < 7R
given by

e2

Vart(h w) = _72 + (w — 27TR7"L)2,

(3.3)

where the coordinate r stands, unlike section 2, only for (z2 + 32 + 22)'/2

, i.e. it is the
ordinary distance in our three-dimensional space. In other words, we ”cut out” a part
of the shape of the potential, corresponding to the hydrogen atom in four-dimensional
infinite space (equation (2.5)), and make its periodic copies, putting them successively
one behind another in the w-direction (figure 5). The cutout has the width of 27 R
and is symmetric with respect to the plane perpendicular to the w-axis and running
through the origin. This potential, of course, does not correspond to the real potential
(equation (3.14)) of the compactified space (the dot-dashed curve in the figure), which

results from including the potential

62

r2 + (w — 27 Rn)?’

Vanti (Ta w) - - Z

n#0

(3.4)

of the other images of the nucleus. In the following, we will refer to the inclusion of the
potential Vi (r, w) to the ”single-nucleus potential” as antiscreening.

Now we come to the crucial point. As we know that there are no states with negative
energy in the weak infinite case, we make a reasonable assumption that our artificial
system, resulting from copying the parts of the original one, does not have negative
energy levels either. The main idea of the remaining proof, schematically illustrated
in figure 5, is as follows: The antiscreening at the origin is —e?/12R? (see (3.12)) and

increases towards the boundary of the individual regions, where it reaches its maximum
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value 3

e (1 1

To calculate this value, we take the limit » — 0, w — £7R in equation (3.14) (next para-
graph). Consequently, if we shift down the shape of the potential energy corresponding to
the artificial system about the value of Fjs, the resulting potential will lie below the real
potential (in the figure the dot-dashed line). Thus, according to (3.2), the real system

can have no energy levels below Fj;. Using similar arguments it can be proved that the

V(r,w)

Figure 5: Shape of the potential energy, corresponding to the artificial system (upper
solid line) and the real system (dot-dashed line) V¢, Vica, respectively. The borders
between individual cutouts of the infinite 4-dim potential are indicated by vertical dashed
lines. The bottom solid curve represents the artificial potential V,; shifted about the
value of Ej, which corresponds to the maximum antiscreening. Because the maximum
antiscreening is at the boundaries, the artificial potential V,,; matches the real potential
Viear at the points w = (2n + 1)wR, where n € Z. However, as we depart further from
these planes, the difference between these two potentials becomes larger and reaches its
maximum value Ep — Ejr at the center (points w = 2mnR, n € Z).

3As seen from (3.4), the maximum value lies on the w-axis. For, as we depart from the w-axis, all
terms in (3.4) are decreasing and the antiscreening becomes smaller.
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lower bound lies actually higher and corresponds to the level of antiscreening at the origin
(see (3.12)). We conclude that

Ep = —e?/12R?. (3.6)

In the following sections we shall calculate, by means of perturbation theory, the
energy levels of the hydrogen atom (in the weak case) and we will see that the energy of

the ground state, i.e. the lowest level, does not violate this bound.

3.3 Solution of the radial equation

We consider two charged particles in a space with the ordinary three extended spatial
dimensions and one extra compactified dimension with radius R. Let us again start with

the Schrodinger equation:
Lo
—EV +V(r,w) | ¥(r,w) = EY(r,w). (3.7)

Since we now have a system with ”cylindrical” symmetry, it is appropriate to introduce

the following coordinate system:

x = rsinf cos ¢,
y = rsinfsin ¢,

(3.8)
z =rcos#,

w=w,

where w is the coordinate along the compactified spatial dimension (figure 6). The Lapla-

cian operator is now given by (see appendix A)

02 20 2 52

2_ 9 40 7 O
V= or?  ror r?2  Ow?’ (3.9)
where
pn_ | L o9 (. 0 1
r= [sin goo \™" 689 * sin? § 9¢? (8.10)

is the three-dimensional angular momentum operator.

Potential energy consist of two terms. The first one is due to the interaction of the
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electron 4
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Figure 6: Coordinate system: the protons are 2w R apart on the w-axis and r is the
distance to the w-axis.

electron with the nucleus and its images:

o0
62

Virw) = - Z r? + (w —27Rn)? "’ (3.11)

n=—oo

The second part, which is merely a constant factor shifting the level of the potential

energy, is the interaction energy between electron and its images

0 2 2
, e e
= = — 12
v :Z: (27 Rn)? 27TR 2 Z n? 27TR QC( )= 12R?’ (812)
n#0

where ((2) = 72/6 is the Riemann zeta function. We have, of course, omitted the term

with n = 0 representing self interaction. Thus, our Hamiltonian His given by

: > 20 P & - e?
= (arz a2t W) PN e (319)

Expression (3.11) can be summed up by using the calculus of residues (see appendix C).
The result is:

e? sinh (r/R)
2rR cosh (r/R) — cos (w/R)"

V(r,w) = — (3.14)
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Before continuing further, let us have a look at the limiting cases. For r < R and w < R

the lowest-order term is

e2

V(r,w) ~ i

(3.15)

and we can see that the behaviour of the potential around the origin is the same as
in the uncompactified case. This is also the reason why the result of the trial function
treatment (paragraph 3.7) is the same as in the infinite case. On the other hand, if r > R,

we get
2

V(r,w) ~ _ﬁa

(3.16)

which means that the usual three-dimensional behaviour is restored and (3.14) turns
into the common 1/r potential, but with a factor given by the volume R of the extra

dimension. The behaviour of the field is shown schematically in Figure 7.

Figure 7: This picture schematically shows how electromagnetic force behaves in R x S*.
At longer distances the field becomes parallel and we get the usual three-dimensional
behaviour. It is obvious that the compactification radius has to be small. Otherwise, we
would observe deviations in the behaviour of electromagnetic force at short distances.

Because the potential is periodic in the w-direction, it can be expanded in a Fourier

series:

V(r,w) = Z On (1) e B (3.17)
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The expansion coefficients are given by (appendix D):

2
€ —|n|T
'Un(T) = —ﬁe Inlr/R (318)
and we have
e? = —|n|r/R jinw/R
V(r,w) = %R e e . (3.19)

Similarly, the wave function must be a periodic function with a period of 2w R. This

implies that it can be written as
U(r,w) = Z Y (1) €m0/ (3.20)

Inserting (3.17) and (3.20) into the Schrodinger equation (3.7), we obtain:

v?2 (Z ¢n(7’) eimﬂ/R) + K (E . va(r) ez'rmu/R) an(r) einw/R —0. (3'21)

Furthermore, using the explicit form of Laplacian (3.9) and letting the w-part act on the

wave function, equation (3.21) becomes

inw/R 0 20 [2 n? imw/R
Ze W—F;E—Fﬁ—ﬁ—Fli E—va(r)e ¢n('r):0 (322)

n

Making the Ansatz ¢, (1) = Ry, (r)Y,(0, ¢), we get

Z inw/R Y. (0 ¢) 8_2 + 23 _ Tl_2 + kE — ZU (7,,) eimw/R R (,r.)
~ ‘ e a2 Tror mTE — " "
+RZ—§")PYN(9,¢)} =0 (3.23)

For spherically symmetric solutions, we can separate the angular variables. We obtain

the following radial equation:

inw/R d? 2d n’ imw/R _ 4
zn:e @‘F;E_ﬁ"i—/{E_K/;Um(T)e Rn(r)_o' (3'2 )

Multiplying (3.24) by exp (—ikw/R) and integrating over the range 0 < w < 27 R, to-
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gether with
2rR 2rR
/ eln=kw/Bay, — 27 R O and / eln=k+m)w/Rqy, — or R On—kym  (3.25)
0 0

yields

<d2 2d K?

@ + ;E — ﬁ + IiE> Rk(r) — szk_n(T)Rn(T‘) =0. (3'26)

This is a set of coupled differential equations. Each Fourier component of the radial wave
function is determined by an infinite set of Fourier components of the potential. To find
the energy eigenvalues, we apply perturbation theory. We split the Hamiltonian into two

time-independent parts
H= f{o + f{p, (3.27)
where the unperturbed system is considered to be described by the Hamiltonian
N 1 9
Hy = EV + vo(r), (3.28)

i.e. we take into account only the zero-th component of the Fourier expansion of the
potential. This system can be solved exactly. The remaining terms of the Fourier series

are regarded as a perturbation:

2 0
2 € —|n|r —inw
Hy=—5— ) e~ Inlr/Re—inw/R (3.29)

n#0

3.4 Discrete spectrum of the unperturbed Hamiltonian

Considering only the unperturbed system, equation (3.26) takes the following simple form:

2R (r) dr\? (r) k2 ke 0
s </€E — Tt ﬁ> RV =o. (3.30)

This is nothing but the radial part of the three-dimensional Schrodinger equation for the
hydrogen atom - apart from a constant factor —k2/R2. Through the use of dimensionless

abbreviations
2
R?

p=ar with a?=4 (—/{E + > , E <0, (3.31)
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we obtain
V() 2 (p) 1 o\ (0
7 o4 +< 4+p>xk (p)=0, (3.32)
where we have used the notation
_ 1re? 0\ _ pO

A comparison of equation (3.32) with the associated Laguerre differential equation yields

the following solution:

0 _
(o) = e P2 LL (p). (3.34)
We must now restrict the parameter o by requiring it to be a positive integer n:*
1 ke?
=n=——. 3.35
cEn=—Tn (3.35)

This is necessary, since, as we know from the standard solution of the hydrogen atom,
the Laguerre function of non-integral n would diverge as p"e”. This restriction on o, im-
posed by our boundary condition, leads to the quantization of energy. From the previous

equation it follows that

ke? 1
Substituting (3.36) into (3.31) gives us the spectrum of energy eigenvalues:

4 2
0 ket 1 1k
Emk——@?—FEﬁ, neNkeZ. (337)
Turning back to the radial function ngo) (r), the solution to (3.30) is given by
(0) _ _—oanr/2 71
R (r)=e L. 1 (anr). (3.38)

Thus, the spherically symmetric solutions corresponding to the unperturbed Hamiltonian

are given by

0O (r,w) = N(n, k) LAy (awr) e 7/2 /R, (3.39)

4The quantum number n will be typeset with another font in order to avoid confusion with n, used for
labeling the Fourier components.
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with M(n, k) being a normalization factor:
ai/ 2

vV ST2R N

Before we turn our attention to perturbation theory, we check whether the expected

N k) =

(3.40)

energy bound Ep = —e?/12R? (paragraph 3.2) is satisfied. Taking the ratio of the energy

of the lowest state, the ground state Eiog, to the bound Ep (equation (3.6)) yields

Eioo) 3 o 3
: Z = 2(1 = 2. 41
4/16 4( V) (3.41)

Since 0 < v? < 1 in the weak case (section 2), the ground state energy lies within

three-fourths of the bound Fg, depending on the strength of the potential.

3.5 Perturbation theory

In this section we shall use the time-independent perturbation theory to calculate the

corrections to the energy eigenvalues.

3.5.1 First-order correction

(0)

> we need to calculate

To determine the first-order correction to the eigenvalue E

E) = WO 00, (3.42)

)

The insertion of (3.29) and (3.39) yields the energy to first order perturbation:

1) _ 4re? N2 k >~ 1 2 - —(|n|/R+am)r mh —inw/R
En,k - 2R (n7 ) 0 r [Ln—l (an)] Z € dr - Re d'UJ, (343)
"0

where the integration over 6, ¢ has been carried out. However, inspection shows that the
integral over w produces zero (since n # 0) and the first-order correction always vanishes.

Thus, we have to use second order perturbation theory.
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3.5.2 Second-order correction

In the second approximation, perturbation theory gives:

SN ONE
[ AT
0
Byl = By

(3.44)
(W, k)£ (n k)

Using (3.29) and (3.39), we find for the matrix elements in (3.44):
(e Hpl ) = —(2me) N (A (w)
\

kfk/\ antayy

></ re_< R 2 )TL,II_I(anr)Lllﬂ_l(an/r)dr, k#K, (3.45)
0

where we have used the fact that

o0 ™R

Z e|nr/R/ pilntk—kw/R g,
n=-—00 —-mR

n#0

=27R Y el B5(n 4k — k) =2 RelFHIE £ 1 (3.46)

n#0

Evaluating the integral in (3.45), we obtain ([18], p. 858):

n+n (b— )™ (b — o)V 1

(W o)y = —(2me) 2N ()N ()

(n—1!n —1)! prtn
X F [—n—i— w41 41, 2O On = aw) ] L k£K, (347)
(b — an)(b— ay)
where b = @ + % Obviously, it is not easy to evaluate the sum in (3.44). For

the ground state (n, k) = (1,0), however, (3.44) reduces to

” 2
|l D)

0

By~ By

n/’k/

D>

(w,k")#(1,0)

(3.48)

(0)

We note that all terms in (3.48) are negative, since E,, corresponds to the lowest value

of energy. Thus, the second-order correction to the energy of the ground state is always
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negative. Thus, equation (3.45) has a simpler form

[ Y

W) = —2eme AN W) [T L e (39

where k&’ € N. Expressing the Laguerre polynomials in terms of confluent hypergeometric
functions ([7], p. 857)

Ll (awr) =0 F(—n' + 1,2, ayr), (3.50)

enables us to make use of the following integral ([24], p. 666):

/OO e " P Fla,yikr)de = (~1)7 F(V)%[ba_w(b — )™, (3.51)
0

with b=k /R+ (an + aw)/2,a = —n'+1,v=2, p=0 and ¢ = ay. Thus, (3.49) can

be expressed in terms of elementary functions:

(N 10) = —2(2me) > N (N (0 )b~ 71 (b — a )
—n'—1 =1
= —2(2me)’ N (1)N (n')n' R? [V <1 - %) + k’] [V <1 - %) + k’] (3.52)

where \2 = ke?. From (3.40) it follows that

A1
Next, from (3.37) we have
0 0 1 [ 1
E£73 — Er(t’,)k’ = _H—R2 |:1_6 (1 - E) + kl2:| s (354)
and thus, inserting (3.52), (3.53) and (3.54) into (3.48), we get finally
© 15 1O
E(2) B Z ‘<’11Z)n’,k’| p|’liz)1,0>‘
1,0 — 0 0
n>1k">0 Eig - Er(l’,)k’
1 nw=1
_ g A 1 N (1) +F]
B0 . (3.55)

w10 (35 (L= gi) + k2] 2 (1 3) + ¥
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2 corresponding to a weak potential. Another

We now take the limit of small \?> = ke
way of interpreting this limit is the following. By equating the expression (3.36) for
energy eigenvalues of the unperturbed Hamiltonian to the energy of the three-dimensional

hydrogen atom

4
mes; 1

En= -5z

(3.56)

we find that the four-dimensional charge is related to the three-dimensional by e? = 2Re§ D

and consequently:
M\ = 2Rke3 . (3.57)

From the last equation we may develop the physical interpretation that small A% cor-
responds to a limit of small compactification radii R. Taking this limit, (3.55) reduces

to

1 1 AN\12
EQ~ED 253 5N = EQT1B) - 1¢@), (3.58)

where ((3) and ((4) are the Riemann zeta functions. ® Since ((3) ~ 1.20 and ((4) = 7*/90,

we have

2)

E) ~ 0.18\12E{)

. (3.59)
Taking again the ratio of the energy of the lowest state, the ground state Ej g, to the
bound Ep yields (cf. (3.41)):

2)

( (
E)+E
L0 10~ 0.75 + 0.18)12. (3.60)

Ep

Because A\? = 1 — 12 lies within (0, 1) in the weak case, the ground state energy to second

order also does not violate the energy bound Ep = —e?/12R? (paragraph 3.2).°

5¢(3) is also called the Apéry’s constant.

6 Actually, we take the limit of small A%, Consequently, it makes no sense to think of Ei% + Efg/EB =1

0.75 4+ 0.18 = 0.93 as an upper limit.
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3.6 Green’s function method

To calculate the higher-order corrections, the Green’s function method is very useful.

Here we limit ourselves to show how to use this method in our problem.

Let us return to equation (3.26) and rewrite it as

2 2d k? e?
— + - KE + — = n (1) Ry .61
<m2+rm Tt +2R> ngw (3.61)
where we have inserted vo(r) = —e?/2rR. Assuming the coefficients vj,_,, to be small, we

can write
s / (7 B ()R ()2, (3.62)
n#k

Thus, it remains for us to find the corresponding Green’s function. The defining equation

for the radial part g;(r,7’;b) of the Green’s function is (cf. [30])

2 2d 2 1 , S(r—1')
<W+FJ+J_W>91(T’T’b)__“T’ (3.63)
where we have written
1 k? : 4R
ke —KkE + 2 with a= 3 (3.64)
The imposed boundary conditions are
lim rg(r, b)) =0 and rg/(r,r';b) € L*(R). (3.65)

r—r/

It is possible to solve the differential equation (3.63) explicitly. The solution (for a more
general equation with [ # 0) is given by [30]:

2m 2 ’
( )2l+1( ) —(r+r")/ab
h? “ab

> m! 2r 2r!
L2[+1 L2l+l = )
sz::O A+1+m)(+1+m—b) ™ \ab ) (3:66)

where the functions L2F! are the associated Laguerre polynomials. Since we are now

gi(r,r';b) =

interested only in the spherically symmetric solutions (I = 0), the radial Green’s func-
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tion (3.66) reads

2m 2

> 2r 2r'
/. _ A —(r+r )/ab 1 (20 1 (2
qu(r,17) 2 ab© x Z (1+m)! 1+m—b)L <ab> Lm<ab>' (3:67)

m=0

It is worth noting (cf. [30], p. 98) that the poles n = b = 1 4+ m of the Green’s function

correspond to the energy eigenvalues we have found. Indeed, (3.64) gives:

g0 _ 1 1 k?

nk T gt T R R (3.68)

which is the discrete energy spectrum (3.37) of the unperturbed Hamiltonian we have
calculated. Now that we know the Green’s function, we can insert (3.67) into the expres-
sion (3.62) and get the first-order correction to the unperturbed radial functions R,(CO) (r).

The results will be presented elsewhere.

3.7 Trial function

In this paragraph we shall show, with the aid of a reasonable trial function, that the
energy of a system described by the Hamiltonian (3.13) can take negative eigenvalues,
which are arbitrarily large in absolute value, i.e. the continuous spectrum is unbounded

from below. Namely, we want to show that

lim (F) = —o0, (3.69)

a—00

where

<7;Z)trial |ﬁ | wtrial>

E) = 3.70
< > <wtrial|¢trml> ( )

is the mean value of energy belonging to a system described by the trial function
¢tmz(7’, w) — Z rP ‘w _ 27TRn’q e—a[r2+(w—27ar)2]7 (3'71)

which is real, always positive and, of course, periodic in the w-direction, as required. Here
p > —1/2 and ¢ > 1/2 are real numbers. As will be seen later, this conditions follows
from the requirement that the integrals in (3.70) be convergent.

Let us split the trial function 4.4 (r, w) into two parts ¢ (r, w) and 9 (r, w), where

P1(r,w) = rp\w\qe_a(TerwQ) (3.72)
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and

o
Y(r,w) = rPeor’ Z |w — 27 Rn|? e—o(w—2mRn)? (3.73)
n=-—oo

n#0
The superscript ¢ in (3.73) corresponds to the power of |w—27Rn|. 7 In the following, we
shall see that for a(mR)? > 1 the chief part in the expressions present in (3.70) is played
by terms containing only ¢ (r, w). The remaining terms will be shown to be exponentially
small. Hence, we can write:

<E> _ <wtrial‘ﬁ’7/}trial> _ <¢1\ﬁ’¢1> + R(a) (374)

(7/}trial W}trz’al> <¢1\¢1> + R(a) 7

where in the limit & — oo the remainder R(«) vanishes.
First of all, we note that the sum present in (3.73) has, for w € (—7R, 7R), an upper
bound given by

0< Y |w—2rRn|?e w=2mh" < CemalmR)?, (3.75)

n#0

where C' is a finite positive number. With zero, as an obvious lower bound, it is clear

that this series must converge. Indeed, for w € (—7R, 7R), we may write

o
Z |w — 2w Rnl|? g~ (w—2rRn)?

o
< 3 (xR)1(2n| + 1)t RPN = 9 N (7R (20 4 1) 0 (TR @n =1’
n=-—0o n>0

n#0

_ o—al2mR)?y Z(?TR)q(Qn + 1)qe—a(7FR)2[(2”+1)2—4(2”+1)], (3.76)
n>0

where the exponent has been rewritten as (2n—1)? = (2n+1-2)2 = (2n+1)2—4(2n+1)+4.
The last sum in (3.76) is a convergent series, which can be easily verified. For instance,
by using the 'Hopital’s rule for indeterminate forms, the Cauchy ratio test gives us

lim = 24—, (3.77)

n—00 anp,

"Later, we will make use of this notation.
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which implies convergence. Thus, we conclude that for w taking values from (—7w R, 7R)
it holds:

0 < ¢3(r,w) < ¢(r), (3.78)
where
o(r) = C’e_a(zﬂRFrpe_aﬂ, (3.79)

with C' being a finite positive number.

3.7.1 Normalization

Using this result, we now proceed in the spirit of paragraph 2.2. First, we shall calculate

the normalization (recall that ¢); and 19 are real functions):

(Vtriat|iriar) = (P1l1) + 2(P1]b2) + (Palth2). (3.80)

Using (3.72), the first term is given by (we drop the pre-factors resulting from the inte-

gration over the angular variables):

TR

o
(Y1|91) :/ r2p+26_2‘"2dr/ wde=20w* gy
0

—7TR

_ 2/ T2p+2e—2ar2dr/ w2q6_2aw2dw — R(a), (381)
0 0

where we extended the ranges of integration over z to infinity, for the integrand is essen-

tially zero when z departs appreciably from the origin. More precisely, the remainder

[ee]

R(a) = 2/ we= 2’ qup, (3.82)
TR

resulting from changing the ranges of integration, is an exponentially small quantity

(see appendix E) and thus, in the limit @ — oo, does not contribute. Making use of the

formula 8

dz, a>0, v>-1, (3.83)

v+
2a 2

/OOO xl/e—afﬁz — F(%ll)

8This formula can be easily verified substituting 2 = ¢ and applying the definition of the gamma
function.
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integral (3.81) becomes

213\ (20t
(P1lyp1) = 2 F< 2;)3 F< 2;+>1 — R(a). (3.84)
2(2a) 2 2(2c0) 2

Hence, it remains for us to show that the remaining terms in (3.80) are exponentially

small quantities. Employing (3.78), we get the inequality

o0 TR
0 (afun) < (un]g) = Cemo@e® [ prrzeaantqn [7 yjeeentqy
0 —7mR
< 206_0‘(2”R)2 / r2p+2€—2ar2 dT‘/ |w|qe—aw2dw ~ R(@)
0 0

2p+3\ p (g1
et P T (H)
— Ceo27R) S~ R, (38)

where we again used the formula (3.83). Finally, the last term in (3.80) is

0 < (U2|1h2) < (B|0)

0 TR (210—;—3)
— (2¢—20(2mR)? / T2p+2e—2ar2dr/ dw = 2R 026—2a(27rR)272p+1. (3.86)
0 —7R 2(20() 2
Summing up our results, we have
T'(p+3/2)I'(g+1/2
(Ytriat|Ptrial) = (p+3/2)0q +1/2) + rem, (3.87)

2(20)P+a+2

where "rem” stands for all exponentially small quantities.

3.7.2 Mean value of the kinetic energy

Having determined the normalization, we now proceed to calculate the next term appear-

ing in (3.70), corresponding to kinetic energy:
(Wtriat [V [Yuriar) = (01[V2 (1) + 1|V [2) + (2| V2[1) + (2] VEIn).  (3.88)
Using (3.72), (3.73) and (3.9) we find for the Laplacian of ¢; and s:

V3 (r,w) = p(pr—;- D + Q(qw; D _ da(p + q+2) + 402 (2 + w?) | ¢y (r,w)  (3.89)
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and

plp+1)  alg—1)
2 (w — 27 Rn)?

Vb (r, w) = rPeor? Z

n=—oo

n#0

—a(w—27Rn)?

—da(p+ g+ 2) + 40r? + 40*(w — 27 Rn)? | |w — 2w Rn|%e

_ <p(pr_; Y dapiqr2)+ 4O‘2T2> Ua(r,w) + (g — DY (r,w) + 40y (r,w),

(3.90)

where we have used the notation introduced in (3.73). With (3.72) and (3.89), the first

summand in (3.88) becomes

iy = [ [ [Pt da )

r2 w

—da(p +q+2) + 40> (” +w?)| PP dw dr. (3.91)

Evaluation of this integral is much the same as that of (11|1)1). Again, we extend the
ranges of integration over w to infinity, since the remainder R(«), resulting from changing
the ranges of integration, is an exponentially small quantity and thus in the limit o — oo

does not contribute (again, see appendix E). Integration by employing (3.83) gives finally:

()

23(2a)p+a+1

(1|V2]hy) = —

o+ g)(Zq 1)+ (2 - %)(2;9 4 1)] +rem. (3.92)

As in section 3.7.1, it remains for us to show that the terms (11|V?2|1b9), (12| V2[11) and
(19| V2[1p3) are exponentially small quantities. Using (3.90), the first term is given by:

o) TR
(1|V?[1)2) :/0 /_ RT2¢1(7“,W)

(p(pr—; D da(p+q+2) + 4a2T2) Yo (r, w)

+ (g — DI (r,w) + 42982 (7, w)] dwdr. (3.93)

Inserting (3.72), (3.73), together with using the result (3.78), we find out that the result
of integration consists of terms similar to that appearing in (3.85). The same argument
holds for (12| V?2|1p1) and (1pg|V2]1bs).
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3.7.3 Mean value of the potential energy

Let us move forward to calculate the last term appearing in (3.70) and corresponding to

potential energy. Rewriting it as

¢tmal| Z 7"2 277Rn) |¢tm’al> =

1
rial| "o o ria riq rial /s .94
<¢t l’r2 + w2 Wt l T/Jt l’nz 7"2 271'Rn)2 Wft l> (3 9 )

n#0
the first term is given by
(Wtriatl 5 Wtriat) = (1] [91) + 20001 |5 |t2) + (2] li2). (3.95)
trial T2 +w2 trial) — 1 T2 +w2 1 1 T2 +w2 2 2 T2 +U)2 2/ .

Again, the main contribution is due to the first summand:

2p+2 2 2 2 2
(Wil g alvn) / / w2007 qupdr. (3.96)

T2+w2

Extending the limits of the w-integration to infinity, we carry out the integration by

transforming to polar coordinates p, 0:

2p+2
Wil 57— 2+ 5 l11) —2/ / R w200 %) qrdy — R(a)

+ w?

/2
= 2/ pArt2utlg=2ap” dp/ cosPT2 0 sin?? 0dh — R(c). (3.97)
0 0

The remainder R(«) satisfies the following inequality

2p+2
) =2 / / w2 ) drdu (3.98)
R Tt w
/ rPe—20r dr/ wzqe_zaw2dw, (3.99)
0 TR

since 1/(r? +w?) < 1/r%. The integral over r is a finite number, the other is an exponen-
tially small quantity (appendix E).
Thus, employing (3.83) and the fact that

I'(p+3/2)T(q+1/2)

w/2 (
2 cos?Pt29sin?10d 0 = B(p+3/2,q +1/2) = 3.100
/ -+ 3/20-+1/2) = LIS (3.100)
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is the Beta function gives for (3.97):

WﬁwzF(p+3/2)F(q+1/2)P(p+q+1)_R(a)

r? Flp+q+2)  2(2a)ptet!
1 T'(p+3/2)T'(q+1/2)

= — . 101
2(20[)7’4"14‘1 p+q_|_1 R(OZ) (3 0 )

As before, (3.101) is the only surviving term in (3.95) as o — oo. Transforming to polar
coordinates, we can follow the reasoning of paragraph 3.7.1.
As for the second term in (3.94), we will make use of the fact that for w € (—7R, 7R)

the sum

oo

1
Z r2 4+ (w — 27 Rn)? (3.102)

n=—0oo

n#0

has an upper limit Cj; given by

1 /1 1
Cu=—=|-—— 3.103
M R (4 772> ( )
and corresponding to the maximum level of antiscreening (see paragraph 3.2). Conse-
quently,
[ee]
0 < (Wuriat] ! ) < C : : 3.104
> <7;Z)tmal|n:_oo,r2 + (w — 27TRTL)2 |¢tmal> > M(¢tmal|¢tmal>- ( . )
n#0

Divided by the normalization (3.80), we get a finite contribution to (E), which is not
essential in our discussion (recall that we want to show (3.69)). In the following, we will

drop this factor.

3.7.4 Mean value of energy

Now we are ready to summarize our results. Inserting (3.87), (3.92) and (3.101) into
(3.70), we obtain:

<E>:2_a<2p+3/2+2q—1/2_ 1—v2 >

3.105
K 2p+1 2g —1 p+qg+1 ( )

where all exponentially decreasing terms (for large «) have been dropped and we have
written, as usual, ke? = 1—v2. By inspection of (3.105) we find that for v < —1(1++/2)
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the energy can take arbitrarily large negative values as o« — oo. On the other hand, if
0 < 1% < 1 (the weak case), the right-hand side of (3.105) is always positive and this is
no longer possible. Although we have not showed that lim, . (E) = —oo for all v? < 0,
we expect that this can be achieved through some other trial function. The reason for
this belief results from the behaviour of potential near the origin - it is the same as in the
infinite case (see (3.15)).

Thus, the fact that hydrogen atom is not stable in the strong case also applies to

spaces with compactified extra dimension.
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4 Summary and Outlook

In this work, we have studied the stability and spectra of the hydrogen atom in spaces
with an extra dimension.

In the first part, we have investigated the case of an extra spatial dimension which
is infinite. Separating the angular part, we have solved the corresponding Schrédinger
equation. The radial equation was identified with the modified Bessel equation with a
parameter 2, taking all real values. The asymptotic behaviour enabled us to immediately
eliminate one of the solutions, the modified Bessel functions of the first kind. To discuss
the second independent solution, the modified Bessel functions of the second kind, we
have distinguished three cases, according to the value of v? - repulsive, weak and strong.

In the repulsive case, the modified Bessel functions of the second kind are not square
integrable and must therefore be rejected. We should mention that the modified Bessel
functions of the first kind might actually correspond to some solution, since we have a
repulsive potential. Nevertheless, we consider here only bound states. In the weak case,
the Hermiticity of Hamiltonian is violated. Thus, we must conclude that there are no
bound states in the repulsive and weak case. These results are in agreement with the
treatment given in paper [19].

The treatment of the strong case is somewhat peculiar and has not yet been clarified.
Namely, we have found that by fixing some (arbitrary) value of energy, it is possible to
construct a sequence (discrete subset) of energy eigenvalues such that the corresponding
wave functions form a set of orthonormal states. To find some interpretation of this
result, one possibility might be a calculation of the probability current to show that the
particle falls to the center. Such a result would correspond to the treatment given in
paragraph 2.2, where we have argued, using a trial function, that there is a continuous
energy spectrum extending to minus infinity. This conclusion is also presented in [19].

This issue, leading to a possibly different picture of the strong case, remains to be
investigated. In any case, we can say that there is no stable hydrogen atom in four-

dimensional spaces, where an infinite additional dimension is present.

After the discussion of infinite spaces, we have approached the study of spaces with
an extra compactified dimension. We have argued that, as a result of compactification, a
lower bound is present in the energy spectrum of the weak case. For small compactification
radii, we can treat the additional dimension as a perturbation. We have solved the
Schrodinger equation and found the energy eigenvalues to second order in perturbation

theory. Energy eigenstates for the unperturbed Hamiltonian were also given.
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In the strong case, we have shown that the result of the trial function treatment (para-
graph 3.7) is the same as in the infinite case. This was to be anticipated, since the
behaviour of the potential around the origin is the same as in the uncompactified case.
Thus, the fact that the hydrogen atom is not stable in the strong case also applies to

spaces with compactified extra dimension.

To summarize our results, we can say that the main goal has been achieved. Namely,
we have found out how the energy spectrum is influenced in the presence of a curled-
up dimension. It should be mentioned, however, that we have used the limit of small
compactification radii for our calculations. The next step would be to give exact energy
eigenvalues for the whole range of the weak case and to calculate, in particular, the
maximum compactification radius that would correspond to the transition between the
weak and the strong case. Thus, the most important issue to address is a more detailed

discussion of the weak case, which was not yet fully understood.



39

A Differential Operators in Curvilinear Coordinates

In this appendix, we shall find a general expression for gradient and Laplace operator in

N-dimensional, orthogonal curvilinear coordinates.

A.1 General expressions for gradient and Laplacian

In an arbitrary system of orthogonal curvilinear coordinates uy, us, ... uy, the element of

length is
N
a2 = Zgiidu? = h2du? 4 h3dud + ... + hidu, (A1)
i=1

where the components of the metric g;; = h% are functions of the coordinates. The volume

element is given by

N
i=1

As we shall see below, the general expression for the gradient of a scalar function f has

the form

(1 09f 1 09f 1 of
V_<h16U1’h28U27”"hN8’LLN>7 (A3)

and for Laplacian

2 1 0 (hihy...hy Of
v _hlhg...hNgc‘)ui hlz out ’ (A4)

Here, the summation is over cyclic interchanges of the suffixes 1,2...,N. An elegant way
to obtain (A.3) and (A.4) is through the use of differential forms. We take advantage of
the Hodge operator *, well-known from differential geometry. In terms of this operator,

the Laplacian is given by
V2 =xdxd, (A.5)

where d denotes differentiation, as usual.
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Let us apply this definition. First, the differential is

i 1 0f

(A.6)

where ©% = h;du’ are the coframe vectors. Now, since the components df in the coframe
represent the gradient, we already have the expression (A.3). The application of the

Hodge operator gives

1 of - ;
- H—l 1 i—1 i+1 N
*df_%:( GO N AT AT AL O, (A.7)

Rewriting this expression in terms of frame vectors

xdf = Z(_l)”lhl“‘hi‘lh”l“‘hN OF G A A du ™ A du™ AL A du?,

7 hl aul
(A.8)
enables us to apply the exterior derivate:
O (hy...hi_1hiy1...hy Of 1 N
d*xdf = . ) dut AL Adu. A.
*df ZZ: out < h; oui ) Y (A.9)
Again, using the basis of coframe vectors:
hy...hiihit1...hy Of 1 N
dxdf = - | dO* A...AdOY. (A.10
df = h1h2 Z ou < hi o (A.10)
According to (A.5), the last step gives
hy...hi—1hit1...hy Of
d*df = . A1l
ax f h1h2 Z 8’LLZ < hz ou’ ’ ( )

which is the desired expression (A.4). In addition, we note that this is a special case of

the more general Laplace-Beltrami operator (e.g. [7], p. 161):
2, 12 O 12 Of
F = Ity 5 (o et 2 515 ). (A.12)

where g are the components of the inverse metric tensor. This operator is an extension of
the Laplace operator to functions defined on Riemannian and pseudo-Riemannian mani-

folds. Since we have a diagonal metric, inserting g;; = h?d;; into (A.12) gives again (A.4).
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A.2 The Laplacian in particular coordinate systems

Here, we express the Laplace operator in the two particular coordinate systems used in

the text. First, we consider the hyperspherical coordinate system:

r1 =rsinfysinfsy...sinfy_osinfy_1,
To =rsinfysinfsy...sinfy_ocosOn_1,

r3 =rsinfysinfy...cosOn_o,
(A.13)

TN_1 = 78sin#q cos o,

TN = 1 cosbq,

where x1, 22 ...z are Cartesian coordinates, r is the hyperradius and ¢, ¢ ... on_1 are
the hyperspherical angles, with 0 < 60; < 7 for j=1,...,N—2,and 0 < 0ny_1 < 7. Thus,

the corresponding coeflicients h; are given by

h,=1
hg, =1
hg, = rsin 6
hg, = rsin ) sin 0 (A.14)
hey , =7sinfisinfy...sinfy_3
hey , =rsinfisinfy...sinfy_3sinOy_s.
Inserting (A.14) into (A.4) produces:
1 0 0 L3(N —1)
2 _ NIy A
Vi = N1 <7’ 37,> 2 ) (A.15)
with
1 1 0 .0
L2(N —1)=— B 'N—Hei—>,
( ) czyc:l sin? 6, sin® 6y . . .sin?H;_; sinV 171 g, (892- S 00;
(A.16)

where £2(N — 1) is a partial differential operator on the unit sphere S™V~!. The sum-

mation is over cyclic interchanges of the suffixes 1,2..., N — 1. Alternatively, we can
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rewrite (A.16) as a recursive relation [16]:

1 0 1
IN—-1)=————(sinV 26, — 2N -2
£ ) sinV =26, <sm 1891 + sin® 6, £ )
LE(N —2) = o smfv—?%)zi b LY(N - 3)
sinV =3 6, 005 sin? s
(A.17)
1 0 0 1
L£%2) = — infy_ L£3(1
( ) Sin@N_g E?HN_Q <Sln N 2891\7_2) + sin2 QN_Q ( )
2 0
1) =———.
0T

For the special case of 4-dimensional space with coordinates denoted by r, 7,0, ¢, we have
from (A.13) and (A.14):

x = rsinnsinf cos ¢,

y = rsinnsinf sin ¢,

(A.18)
z =rsinncosd,
w = 1 Cos 1,
and
h. =1, hg=r, hg=rsinng, h, =rsinnsing. (A.19)
Again, inserting into (A.17) yields:
0 30 L3
v? = et (A.20)

or2  ror r2

where

2qy_ L [0 (.2 0N 1 O (. 0\ 1 0
£@) = sin217[877 S ng )t smeas "M% ) T anZe a2 (A4.21)

is the square of the angular momentum operator on a 3-sphere.
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In section 3, we introduced another system of coordinates:

x = rsinf cos ¢
y = rsinfsin ¢
z=rcosf

w=w

with

hr =1, hg=r, hg=rsinf, h,=1.

thus, the corresponding Laplace operator is:

02 20 2 92

vie 422 4 2
8r2+r8r 7‘2+8w2’

where

p_ [L o/ 0N 1 9
r= [smeae ) Aoy rcl B
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(A.22)

(A.23)

(A.24)

(A.25)
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B Potential of a Point Charge in Higher Dimensions

In this appendix we shall investigate the behaviour of electromagnetic force in an infinite
N-dimensional space. * We assume that Gauss’ law for electrostatics is still valid in higher
dimensions. This means that we demand the flux of the field intensity produced by a
point charge, through a surface enclosing this charge, to be independent of the spatial
dimension. The surface integral is then equal to the enclosed charge times some constant.

Potential of a charge distribution p(r) is the solution of Poisson’s equation
AV = —p(r). (B.1)

We have p(r) = ed(r), i.e. we consider a point charge e at the origin of our coordinate sys-
tem. Because the field is spherically symmetric, we use hyperspherical coordinates (A.13).
The Laplacian operator is given by (A.15), the delta function d(7) is in this coordinate

system expressed as:

1
(ry¢N—1,PN—-2...01)

where J = J(r,¢n_1,0N—-2...01) = hyhg, hg, ... hg, , is the Jacobian (see (A.14)) of

the transformation. Hence, the Poisson’s equation (B.1) takes the following form:

o(r) =~ 6(r)0(on-1)0(Pn—2) ... 6(d1), (B.2)

rN-1dp dr J

(P ) = - Sanaen-d(on-a) . 8(on) (B.3)

Integrating over the whole space yields the desired expression for potential:

1 1 e

—————— for N #2
9 ,.N—2
V(r)=q SV N =27 , (B.4)
———1Inr for N =2
SN

where Sy = 27V/2/I'(N/2) is the surface area of a unit sphere in N spatial dimensions.

In the special case of N = 4, we have:

B 1 e
- 8n2 2’

V(r) (B.5)

Throughout this text, we drop the pre-factor 1/872.

9For discussion of the behaviour of gravitational force in models with extra spatial dimensions see, for
instance, 20, 9, 14].



45

C Potential with Compactified Extra Dimension

In section 3 we need to sum up the following series, giving the potential with a compact-

ified extra dimension:

> 2

e
% = _ . C.1
(r, w) Z r?2 4+ (w — 2w Rn)? (C.1)
n=-—oo
Here we shall show that the result is:
e? sinh (r/R)
Vv =— . C.2
(r, w) 2rR cosh (r/R) — cos (w/R) (©-2)
To prove this assertion, we use the residue theorem. Let us start with the function
cot mz
= ,beR. C.3
() = e @ (€3)
Its numerator has two singularities at
zr =a+1ib, zip=a—1b, (C.4)
The corresponding residues are:
) cot mz . cotmz cot (a + ib)
res f(z) = ZILHZlI (z — Z[)m = zh—>nz11 P 570 (C.5)
and
. cot Tz . cotmz cot w(a — ib)
restln) = g G e T M T .
The denominator has its singularities at
Zn=mn, necw, (C.7)
with the corresponding residues:
ros f( ) lim (z . ) cotmz m COSTTZ Z— Zn
7 = — —_— =
= "a—2)24+b2  ziozsinmz (a— 2)2 + b2
~ lim COSTz — Tzsinmz _ 1 (C.8)

2=z [(a — 2)2 + V2|wcosmz +2(z —a)sinmz  7[(a —n)2+ b2



46 C POTENTIAL WITH COMPACTIFIED EXTRA DIMENSION

By the residue theorem, the sum of all residues must be zero. Hence,

i 1 imcotw(a +1b)  imcot w(a — ib)
( .

a—n)2+b2 2b 2b

n=—0oo

Using hyperbolic functions, this expression can be brought into the form:

i 1 7 sinh (27b)
(a —n)2+b2 b cosh(27wb) — cos (27a)’

n=-—00
We are almost at the end. Rewriting (C.1) as

o o0
2 e2 1

Ve == D o waeRa? = (@rRP m+ (Er =)

n=-—oo n=—oo 2mR

and comparing (C.10) with (C.11) we find that a = w/27 R, b = r/27R. Thus,

e? sinh (r/R)

Vinw) = ~ 2rR cosh (r/R) — cos (w/R)’

which is already the result (C.2).

(C.10)

(C.11)

(C.12)
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D Fourier Expansion of the Potential

In this appendix we shall be concerned with finding the coefficients of the Fourier expan-

sion of the function:

f(6) = Z ane™  (a>1). (D.1)

a—cos
As f(#0) is an even real function, the coefficients «,, must satisfy the condition
ap = Q_p. (D.2)
The Fourier coefficient «, is given by:
ap = — ——db. (D.3)
For n >0, let
z=e% and dz=—ie?ds. (D.4)

Then cosz = (z +1/z)/2 and (D.3) becomes

i z" dz
a":%/oa—(z—kl/z)ﬂ?’ (D-5)

where we integrate over the unit circle (clockwise). Rearranging (D.5), we obtain

i 2" i z"
= | qr = dz, D.
@ 77/022—2az+12 7T/0(2—21)(2—2’2) : (D0

where we have changed the orientation of the integration path. The integrand has two

poles of order one:
z=a+vVa—1, 29=a—+va®—1. (D.7)

Only the pole at zo is located inside the unit circle. Then by the residue theorem

oy, = 2mires f(z2), (D.8)
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where
i . 2" i 2y i (a—+va?—=1)"
_ iy _t_m  _ tle-ve o) D.9
res f(z) = — lim ) rmem) 7 e (D.9)
The Fourier coefficient «,, is thus
_JaZ =1
o, = = Ve 1) (D.10)
a?—1
Employing (D.2), the final result is:
1 s — Va2 = 1)l
=y (a=va? = D" o (D.11)
a— cosf a’—1

n=-—oo
Using this relation for the potential (3.14), we obtain

sinh (r/R) — sinh (r [cosh (r/R) — sinh (T/R)]W ginw/R
cosh (r/R) — cos (w/R) b(r/R) Z sinh (r/R)

n=—oo

_ Z e—\n|r/Reinw/R. (D12)

n=—oo
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E Incomplete Gamma Function

In the following, we shall estimate the value of the integral
I(p,b,c) = / e " dy (E.1)

for large values of ¢ or, more precisely, for bc? > 1. Here b, ¢ are positive constants,

p > —1. Substituting by? = ¢ in (E.1), we obtain

/OO Pe iy = /Oot”—1 —tdt (E.2)
ye Yy = 2 e . .
c 2br+1/2 be?

But this is the incomplete gamma function
[ee]
I(a,z) = / et lde (E.3)
x

of arguments a = p + 1/2 and = bc?>. The asymptotic expansion of incomplete gamma

function is as follows ([7], p. 661):

[e.9]

(a,z) = 2% te™® i 7((1 — 1! x = g0 le® Z(—l)" (n—a) x ) (E4)

(a—1—n)lan (—a)! zn

n=0 n=0

Thus, since we have bc? > 1, the asymptotic expansion of (E.1) is given by

%) 2p—1 i~ _ |
p,—by? — C_ —bc? (p 1/2) 1
/C e dy = e HZZO —1/2—n) (b2)n " (E-5)

We can see that for bc? > 1, expression (E.1) is an exponentially small quantity.
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